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LETTER TO THE EDITOR 

A DIFFERENTIAL METHOD OF INVESTIGATING RADIATIVE HEAT TRANSFER 
(apropos the article by P. K. Konakov in: IFZh [journal of Engineering Physics], No. 3, 1965) 

V. N. Abrianov and G. L. Pc!yak 

Inzhenerno-Fizieheskii Zhurnal, Vol. i0, No. 2, pp. 264-267, 1966 

UDC 536.3 

In a letter to the editors of the Journal of Engineer- 

ing Physics, Konakov [i] made critical comments on 
our papers [2, 3] and on the work of Hottel [7, 8], with 
the object of defending his own conception of radiative 
heat transfer [4, 5, 6], which has been subjected to 
criticism on a number of occasions [2, 3, 7, 8, 9]. 

Firstly, Konakov tries to dispute the correctness 
of the formulation of boundary conditions for the dif- 
fusion method, which is reviewed in [2, 3]. These 
boundary conditions relate the radiative flux q at the 

boundary between wall and medium with the wall 
temperature T w (at the boundary with the medium) 
and the volume density of radiative energy Uf in the 
medium, at the boundary with the wail. Assuming an 

isotropic intensity distribution in the incident and ef- 
fective fluxes, they may be written as follows: 

(cU)l/4 - -  o~  (1) 
q - -  i / A ~ , -  1/2 

These  equat ions  we re  f i r s t  f o r m u l a t e d  at  the K r z h i -  
zhanovski i  P o w e r  Eng inee r ing  Ins t i tu te  in 1940 [ i0] ,  
and subsequen t ly  found wide  app l i ca t i on  in i n v e s t i g a -  
t ions  of r a d i a t i v e  hea t  t r a n s f e r  [11-14] ,  and a mono-  
g r a p h  (p. 107 [5]), one of the  au thor s  of which is  Kona-  
kov h imse l f .  However ,  he r e g a r d s  that  m a n n e r  of 
w r i t i n g  the  bounda ry  cond i t ions  a s  i n c o r r e c t ,  and to 
show this  he c i t e s  the fac t  that  if  the equa l i ty  

4 
(cU)f/4 = % T ~ ,  (2) 

is  a s s u m e d ,  then, a c c o r d i n g  to (1), the r a d i a t i v e  f lux 
at the m e d i u m - w a l l  bounda ry  wil l  be  ze ro  (q = 0), 
w h e r e a s  in the l a y e r  of the m e d i u m  i t se l f  it wi l l  have 
qui te  a def in i te  va lue .  Then the au thor  of the l e t t e r  
e r r o n e o u s l y  a s s u m e s  that  equa l i ty  (2) m u s t  follow f r o m  
the condi t ion  of loca l  r a d i a t i v e  e q u i l i b r i u m  in the  m e d -  
ium 

c g / 4  = % T~, (3) 

which was assumed in solving the problem of radiative 

transfer in a plane layer of the medium. In reality, it 
is quite clear that (2), which would indicate equality of 
the temperatures of the wall and the medium at the 
boundary with the wall, in no way follows from the 

condition of local radiative equilibrium (3) inside the 
medium. It is evident that (2) is satisfied only for 
thermodynamic equilibrium in the system, when the 

wall temperatures are equal to that of the medium 

and there is no resultant heat transfer. 
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Fig.  Dependence  of d i m e n s i o n l e s s  f lux q/(E0. i  - 
- E0.2) in a p lane l a y e r  of a b s o r b i n g  med ium on 
op t ica l  t h i ckness  kS, as  c a l c u l a t e d  by  v a r i o u s  
methods :  1) f rom n u m e r i c a l  so lu t ion  of the in-  
t e g r a l  equat ion as  p e r f o r m e d  by Hottel  [7, 8]; 2) 
f r o m  the d i f fus ion method  f o r m u l a  [2, 3, 13, 14]; 
3) f r o m  the d i f f e r e n t i a l - d i f f e r e n c e  method f o r -  
mu la  d e s c r i b e d  by  Schus t e r  and Se hw a rz seh i l d  

[2, 3]; 4) f r o m  the Konakov so lu t ion  [5, 6]. 

Also  a p p a r e n t l y  without  p roo f  is  Konakov~s a s s e r -  
t ion that  his  f o r m u l a t i o n  of the boundary  condi t ions  
[4] supposed ly  u s e s  B o u g u e r ' s  law, w h e r e a s  he ig -  
n o r e s  the  i n t e r a c t i o n  of r ad i a t i on  with the m e d i u m  at 
a d i s t a n c e  equal  to a photon m e a n  f r ee  path  (k6 _< 1). 
It is  we l l  known, however ,  that  the  a t t enua t ion  of a 
r a y  ove r  th is  length is  equal  to 63.2%. The au thor  of 
the l e t t e r  ev iden t ly  eonvenien t ly  b o r r o w s  the a s s u m p -  
t ion f rom the k ine t i c  t heo ry  of m o l e c u l e s ,  w h e r e  with 
s y s t e m  d i m e n s i o n s  much g r e a t e r  than the m o l e c u l a r  
m e a n  f r e e  path,  i n t e r a c t i o n  be tween  m o l e c u l e s  i s  ne -  
g l ec t ed  at  d i s t a n c e  l e s s  than the mean  f r ee  pa th .  This  
ana logy is too c rude  fo r  ac tua l  va lues  of the op t i ca l  
t h i cknes s  of the  m e d i u m  (kS), and fo r  th is  r e a s o n ,  
as  has been shown in [2, 3 ,7 ,  8, 9], i t s  adopt ion  l eads  
to a p p r e c i a b l e  e r r o r s .  Konakov t h e r e f o r e  f o r m a l l y  
ach ieved  the l i m i t i n g  t r a n s i t i o n  to the  C h r i s t i a n s e n  
f o r m u l a  for  s p h e r i c a l  and c y l i n d r i c a l  l a y e r s  of r eed -  
ium, b e c a u s e ,  fo r  l a y e r s  of op t i ca l  t h i c k n e s s  l e s s  
than k5 < 2, he s i m p l y  exc luded  a t t enua t ing  m e d i a  
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f r o m  c o n s i d e r a t i o n .  On this  b a s i s  i t  cannot  be a s -  
s e r t e d  that  the  bounda ry  condi t ions  (1) a r e  i n c o r r e c t ,  
while  Konakov ' s  f o r m u l a t i o n  [4] of the  boundary  con-  
d i t ions  i s  supposed ly  m o r e  c o r r e c t .  It can be c l e a r l y  
s een  f r o m  (pp. 77 -78  [3]) that  the  d i f fus ion  f o r m u l a  
does  not g ive  the  l imi t ing  t r a n s i t i o n  to the C h r i s t i a n -  
s en  f o r m u l a ,  b e c a u s e  the  l a s t  t e r m  of (14) i s  u sua l ly  
neg l ec t ed  in [3]. 

It is  a l so  a s s e r t e d  in the  l e t t e r  that  the r a d i a t i v e  
d i f fus ion  coef f i c ien t  is  equal  to c / 4 k  fo r  any op t ica l  
l a y e r  t h i c k n e s s ,  and not c /3k ,  as  fol]ows f r o m  the 
work  of R o s s e l a n d  [15], Genzel  [16], D e i s s l e r  [14], 
and o the r s .  In suppor t  of th is  a s s e r t i o n ,  Konakov 
c i ted  the quant i ty  D = c / 4 k  r e c o m m e n d e d  by Shor in  
[12] fo r  a p lane  l a y e r  of weakly  a b s o r b i n g  med ium,  
al though in the  l a s t  ed i t ion  of th is  s a m e  book [13], 
th is  au thor  a s s u m e s  a va lue  D = c / 3 k  in d i s c u s s i n g  
the p r o b l e m  of r a d i a t i v e  t r a n s f e r  in a p lane  l a y e r  of 
a t t enua t ing  med ium.  The f a c t  of the  m a t t e r  is  that  in 
a p lane  l a y e r  of m e d i u m  of v e r y  s m a l l  op t i ca l  t h i ck -  
n e s s  (kS << 1) and with d i f fuse ly  r a d i a t i n g  wa l l s ,  the  
d i f fus ion  coef f ic ien t  a p p r o x i m a t e s  to t he  va lue  c /4k .  
However ,  when the op t ica l  t h i c k n e s s e s  of a p lane  
layer~ a r e  c o n s i d e r a b l e  (k6 ~ 6)(  i t s  va lue  is  c / 3 k  = 
= c / / 3 ,  as  exac t  t h e o r y  ind i ca t e s  (in a s i m i l a r ' m a n n e r  
to the m o l e c u l a r  d i f fus ion  coef f ic ien t  in an i s o t r o p i c  
medium) .  It is  p r e c i s e l y  the  choice  of the  d i f fus ion  
coef f ic ien t  equal  to c / 4 k  ins t ead  of c / 3 k  that  exp la ins  
why the Konakov f o r m u l a  at  l a r g e  k5 g ives  r e s u l t s  
25% l e s s  than the exac t  va lue s .  This  i s  c l e a r l y  shown 
in the f i gu re ,  w h e r e  a c o m p a r i s o n  is  made  of so lu -  
t ions  obta ined  by d i f f e ren t  me thods  for  the  p r o b l e m  of 
r a d i a t i o n  t r a n s f e r  in  a p lane  l a y e r .  In sp i t e  of the  
ev idence ,  the  au thor  of the  l e t t e r  a s s e r t s  that  his  
so lu t ion  co inc ide s  with Ho t t e l ' s  cu rve  [7, 8] a f t e r  
va lues  k6 >_ 6, a l though  in fac t  his  cu rve  only i n t e r -  
s e c t s  the  Hottel  cu rve  1 in the  r e g i o n  k6 ~ 8.0, and 
subsequen t ly  g r a d u a l l y  a p p r o a c h e s  cu rve  3, obta ined  
by the S c h u s t e r - S c h w a r z s c h i l d  method,  which l i e s  
25% below the exac t  va lues .  When k6 = 2, the  a s s u m p -  
t ion  Of boundary  condi t ions  a c c o r d i n g  to Konakov [5, 6], 
as  may  be s een  f r o m  the g raph ,  g ives  an e r r o r  in 
e x c e s s  of 150%. 

F ina l l y ,  the  au thor  of the  l e t t e r  a t t e m p t s  to ca s t  
doubt on the c l a r i t y  o f  the  m a t h e m a t i c a l  f o r m u l a t i o n  
of the  p r o b l e m  so lved  by Hottel  and his  co l l eagues  
[7, 8]. He has  no b a s i s  for  th i s ,  s i nce  the  so lu t ion  in 
ques t ion  was based  on a su f f i c ien t ly  r i g o r o u s  and 
exac t  i n t e g r a l  r a d i a t i o n  equat ion in a p lane  l a y e r  
bounded by b l ack  wa l l s .  Since the Hot te l  so lu t ion  was 
obta ined  on the b a s i s  of a zonal  a p p r o x i m a t i o n  with a 
l a r g e  n u m b e r  of zones ,  no doubt a r i s e s  in the  r ange  
of k5 va lues  i n v e s t i g a t e d  as  to the  adequa te  a c c u r a c y  
of the  r e s u l t s  obta ined .  This  is  c o n f i r m e d  by the 
good a g r e e m e n t  be tween  Ho t t e l ' s  r e s u l t s  and those  
obta ined  by the t e n s o r  and d i f f e r e n t i a l  d i f fus ion  m e -  
thods [2, 9]. * 

REFERENCES 

i. P. K. Konakov, IFZh [Journal of Engineering 
Physics], 8, no. 3, 1965. 

2. V. N. Adrianov and G. L. Polyak, Int, J. 
Heat Mass Transfer, 6, 355, 1963. 

3. V. N. Adrianov and G. L. Polyak, IFZh, 7, 
no. 4, 1964. 

4. P. K. Konakov, Similarity Theory and its 
Application in Thermal Engineering [in Russian], 
GEl, 1959. 

5. P. K. Konakov, S. S. Filimonov, and B. A. 
Khrustalev, Heat Transfer in Steam Boiler Combus- 
tion Chambers [in Russian], Izd. ~Rechnoi transport," 
Moscow, 1960. 

6. P. K. Konakov, Int. J. Heat Mass Transfer, 
2, 136, 1961. 

7. H. C. Hottel, Int. J. Heat Mass Transfer, 5, 
82, 1962. 

8. H. C. Hottel, Some Problems in Radiative 
Transport, Lecture, 1961-1962. 

9. G. L. Polyak and V. N. Adrianov, IFZh, 7, 
no. 6, 1964. 

i0. G. L. Polyak, Review of Scientific Work, 
1940, AN SSSR, OTN, no. 12, 1941. 

ii. S. N. Shorin, Izv. AN SSSR, OTN, no. 3, 
1951; Doctoral Dissertation, ENIN, Moscow, 1952. 

12. S. N. Shorin, Heat Transfer [in Russian], 
Moscow- Leningrad, 1952. 

13. S. N. Shorin, Heat Transfer [in Russian], 
Izd. ~Vysshaya Shkola, ~ Moscow, 1964. 

14. R. G. Deissler, J. Heat Transfer, Trans. 
ASME, Series nC~, no. 2, 1964. 

15. S. Rosseland, Astrophysics on the Basis of 
Atomic Theory [Russian translation], ONTI, 1936. 

16. L. Z. Gensel, f. Physik, vol. 135, no. 2, 
1953. 

3 1 J u ~  1965 K r z h i z h a n o v s k i i  P o w e r  Eng inee r ing  
Ins t i tu te ,  Moscow 

E d i t o r s  Y Note: This  l e t t e r  is  a r ep ly  to the  r e m a r k s  
of P .  K. Konakov, pub l i shed  in J o u r n a l  of Eng inee r ing  
P h y s i c s ,  Vol. 8, No. 3, 1965. The E d i t o r s  c o n s i d e r  
that  f u r t h e r  d i s c u s s i o n  of th i s  ques t ion  would be in-  
a p p r o p r i a t e ,  and sugge s t  that  those  p a r t i c i p a t i n g  con-  
s i d e r  the  po in ts  r a i s e d  at  one of the  s e m i n a r s  on 
me thods  of ca l cu l a t i ng  r a d i a t i v e  hea t  t r a n s f e r .  

*Af te r  the  p r e s e n t  l e t t e r  had been  sen t  to the ed i to r ,  
a R u s s i a n  t r a n s l a t i o n  a p p e a r e d  of an a r t i c l e  by Ch i s l e t  
and Baldwin ( ' R a k e t n a y a  tekhnika  i kosmonav t ika ,  ' 
no. 12, 1964), in which the r e s u l t s  of our  p a p e r  [2] 
a r e  examined .  Ch i s l e t  and Baldwin point  out (p. 76) 
that  the  equat ion ob ta ined  by us  is  in good a g r e e m e n t  
with the so lu t ions  of o t h e r  au thors .  


